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Consideratii preliminare

., Un om de succes este acela care poate construi o
fundatie solidd cu cdrdmizile pe care alfii le
aruncd in el”
David Charles Brink (n. 1939)
1. Notatii
A, B, C — misurile unghiurilor unui triunghi.
a, b, ¢ — lungimile laturilor BC, CA, AB.
, by, h. —lungimile indltimilor.

m,, m, — lungimile medianelor.

h,
m,,
1,1, I, —lungimile bisectoarelor interioare.
r,, r,, r, — razele cercurilor exinscrise.

a?
O — centrul cercului circumscris.
I — centrul cercului inscris.

H — ortocentrul.

G — centrul de greutate.

r —raza cercului nscris.

R —raza cercului circumscris.
S — aria triunghiului.

p — semiperimetrul.

2. Egalitati (identitati) remarcabile in triunghi
IG? ;(p +5r2 —16Rr); IH> =4R* +4Rr+3r* - p*; 10° =R’ -2Rr;
OH?=9R> +8Rr+2r* =2p*; OG*=R’ —%(a2 +b2 +c%);

Y be=p’ +r* +4Rr; >d =2(p2 —r —4Rr); >a =2p(p2 -3 —6Rr);
Za4=2[p4—2p2r(4R+3r)+r2(4R+r)2]; [T+ =2p(p* +r* +2Rr);

2(p2—r2—Rr) 3
B2t = p* —2pr(4R - 1)+ r2(4R + 1)’ . L >,
Z P P ) ( ) Z“b+c p +r +2Rr 2
Z(b+c) p’+r* +10Rr _4R+r :/3
2Rr rp r’
- 2 _ = 2 2
Z a =2(2R r) >6: Z a :4p(R )Z4p; Zp a_p+r 8Rr23;
p-a r - r a 4Rr 2
1 _p +(4R+r)
b =r(4R +
DD Sy —; 2 (p=bXp-c)=r(4R+r);
b +(@4R+r) &
3 c :19 (4R +r) >dp: Z bc p +r2 8Rr >12:
p-a p (p-b)p-c) r
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Zbc(p—b)(/)——c)zrz[pz+(4R+r)2]24r2p2; S(p-a) =p*-2r(4R+r);
Z 1 _4R+r z 1 5p°+r’+4Rr
bc(p—b)(p—c) 2Rr? p? bte 2p(p*+r+2Rr)

2 a2 2
Za 3r? 6Rr>3 z(b+c) =2p(R+2r)28

bc 2Rr b+c-a r
Z 1 (4R+r)’'-2p° S 1. Z be <p2+r2—2Rr_
(p—-a)’ rp? Tt “ab+e) 8Rr ’
b+c p*+r*=2Rr 1 1 )
= 26; ) ————=—; 2) bc— ) a°=4r(4R-r);
Z’ a 2Rr Z(p—b)(p—c) r? Z Z ( )

Ybe-Y (p-a) =3r(4R+r); Y a(p-a)’ =2rp(2R~r);
Y@ (p-a)=4p(R+r); Y be(p-a)=p(p*+r* -8Rr);

Ve (2 bt -a p 48 p’ —r(@R+r)
Dbe(p-a)=p (p +r 12Rr), > — p(p = +2Rr)

Y a(p-b)(p—c)=2rp(2R - r); > a(p-b)(p-c)=4rp*(R-r);
4R

s 2 4 g2, a _AR+r) ab+c) 4R _, .
26’ - a* =1687; Z(p o9 - >12; zp(p a)- —28;

be 4R+r p( p a) 4R +r (P r
=1 =l-—;
Xotpa +( P J 2 P X T

Zi p'=2pr(4R-r)+r* (4R+r) 1
2

2
o 16R*F p° S Lh=4R+r; Zr”r”=p;

I =% Sk _Mﬁ Zhh _2rp
D ar,=2p2R-r); Za ra=4p (R-r); Zra =(4R+r)’—121ep :

Za-rbrc =2rp(4R+r); ZL=M; Zbc~r'brc =p2(p2 + 1 —8Rr);
Bt

2

rp
h+h p*+r*-2Rr hh. p 33
2= 4R + 2_2 2; b c _ 26, b c=_s___;
27 =R+ =2p Zha 2Rr Zaha R 2
Zh"+h”=6; Zr,,+/;,:2(2R—r)Z6; Zrb;rc=2(R+r)26;
. r r

a a (1]

a _ 2
Zh +h, 2(R+r)<3 Z 4(R r)24; Z£=]+(4R+r) ;
r+r. R r K. P

C

hh.  p*+r'+4Rr 9 h+r, p h,+h 2p
- s2. c=Py3 3, TAYE_ZP 3 f3,
z az 4R2 4 Z a r \/_ Z a R \/—
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: P4p? 2 2
Z&:MSE; zﬂ=4R+rs_9_; Zhbh‘=p —r —4Rr<2
be 4R" 4 bc 2R 4

L}

bc 2R? 4
S p*+(4R +r)’ Z£=2(4R+r)22\/§. Za—2=4(R“)'

a 4Rp ' r, p

a 2(2R r) 1 p* =2r(4R+r)

== X5 7 =—[(4R+r) -p' |24 ,—z=—'—,—p—

i_(4R+r)|:(4R+r) ~2p(4R-r)]+p* 5 _2R-r

a 16R* p? ’ be  2Rr’
Zi_2p2(2R+3r)—2r(4R+r)2 _ zM_p(pzﬂz—SRr)_ Zh,,hc 3p.

r, p ‘ a 4Rr [ a R’

r (4R+ry +p*(r-8R) 2, a(b+c)
4 + 4Rp ————=12R;
zr,,"'rc 4Rp2 H(rb r) Z r

a

2(p2 -r —Rr)‘
be-r,=r|p"+(4R+r = ;
Z [p ( )] Z r,tr z:b+c pi+r’+2Rr
Zha—r=22p—a=15p2-—]0ﬁ'r— r h,—2r _p-a, ZZR r, 1 1.1 1
h +r 2p+a 9p1+6Rr+r2 " h +2r p+a’ be 2R 4
Zh +h 2(R+r)<3 Z P2+(4R+I‘)2‘ Z:“q-__pz_"2_4Rr.
r+r, R r+r 4Rp’ ’ h, rp ’
1 4R +r b bc p*+r’+4Rr
= S =—— "+ (4R+r)’ |; —=——-22 3;
hr, rp? z ala I:p ( ) ] Z 2rp V3
Z'hi pt=2p’r(4R - r)+r (4R +r) Z bc —2p r(4R - r)+r (4R+r)
a 8R*rp hh, 4r* p
a(b+c) 4R a(b+c) 4R bc 2R p +r° —12Rr
—28; — =24, — >4,
Z hbhc r Z th r Z
bc 2R ar, p(R—r) nt, (P +r —12R’”) p(p—a)
=—24; ) =7, —C= - : =3}
Z“hara r Z bc Rr Z 4Rr" Z nr.
Zaha _p _ﬁ z&= 3\/_ zp(p a) p*+r*—8Rr 53
bc R 2 ah, 2r 4r ’
Zh,,h _P_ Zp(p a) 2R 123 Z(p b)Y p-c) p3+r3+4Rr"
ar, R r ar, 4Rp ’
Z(P b)(P o) _ Z(P b)(P o _ Z(P b)p—c) _4R+r ﬁ
r; ah, 2p 27
ar, _2p 2rt ah 2p
_— >643; h,-2r)=—; ) ———F——=— >643;
Z:(P bXp-c) r I ) R Z(P =-b)p-c) r
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2 4R 2 2 2
b3 " _AR+r £=[4R+rJ 23;Zb+c=p +r +4Rr;
(p b)(p ) r it p h, P
Z p -3r° —6Rr a _p2—3r2—6Rr_ Z a _R Sp +r2 +4Rr >3
h, r n 2r°p h+h p p+r+2Rr
Za(b+c)_p2+r -2Rr Zh_a_R+2r' % hh —r-S‘D +r’ +4Rr
h, r TS 2Rr C“h+h pr+ri+2Rr’
Z 1 =p2+r2 +4Rr le p2(2R+r‘)+1~2(4R+r}_ Hl _ 16Rr2p2 .
hh, 4r’p* T &P 8Rr p? ’ P+ 4 2R’
. A _p 3\ . . P’ +r* +4Rr 9
sind=4| [cos—=—-<"——; sinBsinC=-—— <=
2 I 2 R 2 ) 4R? 4’

HSi“A=2prz S S3\/5; Z 1 =p'+r'+4Rr22\/§;

TR 8 sin A 2rp

r_3 p +rP—4R* 3
cosA=1+4 sm-——1+—<— cosBcosC="—————< =
2 II 2 R 2’ 2 4R’ 4
2R+ 2 2 L 2 _ 2
HcosA pr- 2 r) _a +b +.t2 8R Sl; Z 1 p 472 4R2 >6:
4R 8R 8 cosd p? *—(2R+r)

—-r?—4R P —r*—4Rr 9
tgBt C—————,, sinA4=2+2 cosA————S—;

Zcos"A=6R +4§;;r -r ZZ; ZcoszA+2HcosA=1; thchth=1;

Zf—l_—=2—RZ4; Z 1 _ 4R(R+r)
sinBsinC  r cos BcosC p—(2R+r)

1

s T~ cosA)——2<§

24,2 2 _(2R+r)?]
Y cos(B-C)=2 +;R:’2R’—1; 2sin2A=2RLf’; Hsin2A=rp[p ki A

F

ZstA 4HsmA Zsm4A——4Hsm2A ZasmA— rR—4Rr’

ZacosA=2asinBsinC=2%Sp; ZacosBcosC=2RHsinA=%s§;
3p*-(2R 4R + 4R* +6Rr +3r* - p?
ZazcosA=r|:p (2B r)]; Za°052A=p( 2;2 r p);
P

Z a _ 45R acd ZasinBsinC=——
cosd  p’—(2R+r)

?

Zsin3A=2p(p2_6Rr_3r2)’ D cos’ A= %2{’3___3@_

2
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) p'=2p°r(R+3r)+r’ (4R+r 2rp
sin* A= tgd=[Jtgd=—"""—";
) 8R* s Led=]]e (2R+r)
at+b+c*  p*-r*—4Rr
A= A B =1; A= = 23;
Ztg Htg @thg ctgC =1; thg 7S Zy
2 2
]_[ctgA=-p—(££)—; [1(te4+1gB)= 8R’rp
2rp [p*-@R+rY J
2
H(ctgA+cth)— 2R sinﬁ (p=b)(p-c) b)( ) cos p(;; a),
C
tg (p b)(p—c) = cosA
2\ plp-a) \} (p- b)(p
oA 1+cosA,Hs. A_r 1 oA o _3£ L A_4R+r.
2 2 4R 8 2 4R 8 2 4Rp
ZSinz—;—l—ﬁ 7 > cos’ —2+§< Zcosec§=4RZcos—>6
1 p’+r’—8Rr 1 p’ (4R+r) A r_ 1
212; >4’ tg—=—<—+;
z:smzﬁ rt Z:coszg P’ 1 %2 p 33
smi cosﬁ
Z B '2 Z 22, Z A 4R+r>x/_ Ztg—tg—:l
cos—cos— sm-i-smz

thg—=_>3\/§ HCtg_=_>3‘/_ thg Cth 4R +r >9;

Ztgz_{‘*k;r) “221; Tog L2850,

r

Zcos’B C p +r? +2Rr+1; HcosB C p +r2+2Rr

4R* 2 8R? ’

8R(4R+r) 2 8R(2R

Zsec’ A c? B (4R+r) 4R ; D cosec’ cosecz—g-=_(._z_r_)248;
p r
Zsm 2c p*+r’-8Rr Zcos’B 2c _p 24+ (4R+r)
" 16RT 16R? 4R2’
c p*—2r* -8Rr B ,C (4R+r)*-2p*
tg? —t 2—=—————2—, otg’ —ctg? —=~—-"—""—227;

z:gzgz e Zgzcgz 2

2,2 2
Zsin‘%:%; > cos

sA_(@R+r)-p*_ p*
2 8R? T4R*’
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B _C\ 4R B 3A _p(p*-12Rr)
g—+tg— |=—; ctg—+ct 5
H(gz gz) P H(gz : J LT
24 p(R r) s A p(R+7r) . ZA
a-sin® ‘COo§" —=——": besin® —=r(4R +7r);
)2 R Lees =S X g - TR
A_AR+r, 1 A p
bccos == n’ —.cos? —=——:
z P Z 4Rp B Yl s
sin® 4
A A 2 R-r
atg—=2 2R r act, —=2 4R+r)218r, = ;
Z g2 Z £ ( ) Z bc 4AR*r
4 oA o2 A
ZCOSE_R+r_ Zg 2__8R2+2Rr—p2. ch 2 _2R-r
be 4R*r’ bc 2Rrp? be 2R’
24 cosec? 2 g2 2
Zsecz_4R+r~_z0 2 1. Zrctzﬁ—i'zgz—“R-'_r-
be rp® be r’ « 8 2 r’ r, P
.2
in“— 2
2A 8R°+2Rr—p’ <M 1 24 _p
Zr sin 5 Z ",, R Zracos > =R
tgzﬁ
2 _ 8R* +2Rr - p* 2 A p
> hctg"—=——| p*+r°—12Rr
T
cos” — sin? 2 A4
2 2R-r hs , A 2 _R-r
= sin’ —=— 4R +r); ;
Z v, 2Rr Z 2 ( ); Z h, 2Rr
cos? 2
2 ol 2 2
Zhacoszé.=p_; Z 2 =R+r; zracoseczizw;
2 2R h, 2Rr 2 r
IA 2A
Z:C()Sf:C E_E Z:COSCC 5_p2+r2—12Rr_ s€C 5__2R(4R+r)
h, r’ r, r ’ h, rp’ i
2 2 2 2
Z ; _ptr +4Rr22;z Blc _ptr —8Rr>2;
I-tgotgs 4Rr 2 ctg = ctg -1 4Rr 2
2 "2
.4 4 2 4
ctg 2 P tg; 4R+r_ sm; 1
Z __2 Z 2

p-a (p-b)p-c) m’  “(p-b)p-c) 2R
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Zcos"’% p I
—_—e = 4RZsm—+rz wpz ;
p-a 2Rr 51n- cosd
2 2
z adl’ = cosi; ZA]-BI=a—bc— smﬁ; Ib1c=4Rcos£.
2 P 2 2
sm—2-

3. Inegalitati uzuale
Ztg 42L>3.> 33 (in triunghiul ascutitunghic); Ztg2 A29 (in triunghiul
r

ascutitunghic); Htg 4233 (in triunghiul ascutitunghic);

Zt Ag£>l
&% 753

thgAz( -;r) >3; zctngzl; thg"A23-3_7, neN;

Hctg A< \/—95- (in triunghiul ascutitunghic);

2 2 2
Z I >9R >p +(R+r) >2(4R+r)22J§;

sin24 2§ 28 - p
\/— 1
s Teosgs7s Ty g2
Sll"l— sin—sin—
2 2 2

A 3
sm;2 Z

A 9. 1
sm—sm <— cos—cos— > 6 (in triunghiul ascutitunghic);
Z 2 Z 4 Z cos A ( E fitunghic)
Zsec Az6 (m trlunghlul ascuptunghlc); Z:sec2 A>12 (in triunghiul ascutitunghic);

Z sec Asec B =12 (in triunghiul ascutitunghic);

Zse02§24; ZcosecAZZ«/g; Zcosec2A24; Zcosec—;i26;

2:cosec2 g 212; Zcosec%cosecg >12;

-J——<Z <t 3Rr ;f (Petrovi).



Capit°|U|
Inegalitati cu unghiuri.
Inegalitatea lui Jensen

»Ai mii de motive sd esuezi in viatd, dar nici
mdcar o scuzd.”

Rudyard Kipling (1865-1936)

Sa se arate cd in orice triunghi au loc inegalititile:
1.1. a) O<sinA+sinB +sinC < %_i, in orice triunghi.
Period Math. 1925, A. Padoa
, : R N
b) 2<sinA+sinB+sinC < — in triunghi ascutitunghic.

¢) O<sinA+sinB+sinC <1+2 , in triunghi obtuzunghic.
O. Bottema, Euclid 1954/55

.2 . .9 9 " . . .
1.2. a) 0<sin® A+sin’ B+sin’C < o> Inorice triunghi.

. . . 9 . . . . .
b) 2 <sin® A+sin’ B+sin’C < 5 triunghi ascutitunghic.

¢) 0<sin® 4 +sin® B +sin* C <2, in triunghi obtuzunghic.
R. Kooistra, Nieuw Tijdschr. Wisk. 45, 1957/58
1.3. a) sin4+sinB+sinC 2sin24+sin2B +sin2C . O. Bottema, cdp
b) Ardtati ca sinA+sinB+sinC=sin24+sin2B8+sin2C daca si numai daci
AABC este echilateral.
GM 3/2007, Vasile Berghea, Avrig, Sibiu

c) sin2A4+sin2B +sin2C = Zr,zo .
d) sin2A4+sin2B +sin 2CS¥. GM 1272004, ***
€) sin24sin2Bsin2C < % . GM 4/2015, Florin Rotaru, Focsani

1.4. a) v/sin 4 ++/sin B ++/sinC < 3£ . GMB 1963, Toma Albu, Bucuresti



INEGALITATI CU UNGHIURI. INEGALITATEA LUI JENSEN 15

3 ,unde neN, n>2.
GMB 2/1965, Valeriu Leibovici, elev, Bucuresti
¢) (sin 4)" +(sin B)" +(sinC)" s3(sin 60° )a, unde 0<a<l.
\/smA+\/smB+\/smC \/7

Jctg + Jctg \/ctg—

1.5. a) 0<sinAsinBsinC < TJ_ in orice triunghi. A.MM. 1937, K.P. Wilkins

343

b) 0 <sinAsinBsinC < = in triunghi ascutitunghic.

b) 4sin A +%/sin B +¥sinC <37

GM 3/2003, Marian Ursarescu, Roman

¢) 0 <sin Asin BsinC < T3 , in triunghi obtuzunghic.

R. Kooistra, Nieuw Tijdschr. Wisk. 45, 1957/58

1.6. 1< sing + sing + sin% < % . Math. Gazette 1939, J M. Child
1.7. 0< singsingsin% < % 1897, T. Rado, AMM. 1932

1.8. ] < sin2£+sin2 —12+sin2 < <1.
4 2 2 2
R. Kooistra, Nieuw Tijdschr. Wisk. 45, 1957/58
1.9. 1<cosA+cosB+cosC < % . Math. Gazette 1939, J. M. Child

1.10. a) % < cos® 4 +cos® B +cos’ C < 3, in orice triunghi.

b) % < cos® A+cos® B+cos’ C <1, in triunghi ascutitunghic.

¢) 1 <cos® A+cos’ B +cos® C < 3, in triunghi obtuzunghic.
R. Kooistra, Nieuw Tijdschr. Wisk. 45, 1957/58

1.11. cos Acos B +cosBcosC +cosCcos A< % . Math. Gazette 1939, J. M. Child
1.12. a) cos Acos BcosC < % GMB 1925, C.C. Popovici
b) —1<cosAcosBcosC < % , in orice triunghi.

¢) 0<cosAcosBcosC < -%, n triunghi neobtuzunghic.

d) —-1<cos AcosBcosC <0, in triunghi obtuzunghic.
R. Kooistra, Nieuw Tijdschr. Wisk. 45, 1957/58
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1.13. a) cos’ (B—C)>8cos Acos BecosC.  b) [Jcos4 S;—42cosz(B—C).

C. Cosnita si F. Turtoiu, 1965, Bucuregti, cdp
¢) in AUBC neobtuzunghic: [Jcos(B-C)28]Jcos 4 si

l_Icos(B—-C)264l—[cos2 A.
343

1.14. 2 <cos£+cos£+cos—<—
2 2 2

R. Kooistra, Nieuw Tijdschr. Wisk, 45, 1957/58
1.15.a) 0< cosgcosgcos% < % , in orice triunghi.

b) 1 < cosgcosgcosg < % , in triunghi ascutitunghic.

¢) 0< cosgcosgcosg < % , In triunghi obtuzunghic.

R. Kooistra, Nieuw Tijdschr. Wisk. 45, 1957/58

1.16. 2 < cos? ﬁ+ cos? B +cos’ 14 <
2 2 2

R

R. Kooistra, Nieuw Tijdschr. Wisk. 45, 1957/58
1.17. a) tg’ A+tg’ B+tg>C >0, in orice triunghi.
b) tg® A+tg’ B+tg> C 29, in triunghi ascutitunghic.
R. Kooistra, Nieuw Tijdschr. Wisk. 45, 1957/58
1.18. a) tg Atg BtgC > 3+/3, in triunghi ascutitunghic.
b) tg Atg BtgC <0, in triunghi obtuzunghic.
R. Kooistra, Nieuw Tijdschr. Wisk. 45, 1957/58

1.19. a) tg§+ tg-g—+ tg% >.3. J. Karamatra, GMFA 1948

A B C
b) tg? =+tg? —+tg’ =>1,
ig S Hig g
C.V. Durell si A. Robson, Advanced T rigonometry, Londra, 1948

A B c._1 A B C
o) tgf —+tgb —+tgf=>—. d) tg" —=+tg" +t - nde neN.
) 1g' S Htg gD 9 ) 18"+ g’ \/— u
1.20. 0< tggtg—gtg% < % R. Kooistra, Nieuw Tijdschr. Wisk. 45, 1957/58
A, B . . .
1.21. Z 5+tg;tg5 <443, Matematica v §kole 1953, J A. Izosimov

1.22. ctg A +ctgB+ctgC =3 . Bull. Soc. Math., Grecia, 1934, T. Varopoulos



